On the scaling ratios for Siegel disks 

Denis Gaidashev 

Department of Mathematics, Uppsala University, Uppsala, Sweden 
gaidashSmath .uu.se 



Abstract: The boundary of the Siegel disk of a quadratic polynomial with an irrationally indifferent fixed 
point and the rotation number whose continued fraction expansion is preperiodic has been observed to be 
self-similar with a certain scaling ratio. The restriction of the dynamics of the quadratic polynomial to the 
boundary of the Siegel disk is known to be quasisymmetrically conjugate to the rigid rotation with the same 
rotation number. The geometry of this self-similarity is universal for a large class of holomorphic maps. A 
renormalization explanation of this universality has been proposed in the literature. 

In this paper we provide an estimate on the quasisymmetric constant of the conjugacy, and use it to prove 
bounds on the scaling ratio A of the form 

a 7 < |A| < 5 s , 

where s is the period of the continued fraction, and a S (0,1) depends on the rotation number in an explicit 
way, while 6, 7 € (0, 1) have an explicit dependency only on the maximum of the integers in the continued 
fraction expansion of the rotation number. 
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1. Introduction 

Definition 1. Given 9 € (0, 1], the quadratic polynomial Pg is defined as 

P e (z) = e 2 ^(l-f). 
Here, the number 9 has a unique continued fraction expansion 

9 = Id!, 0,2,0,3, ...] = 5 . 
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Fig. 1. The Julia set of the golden mean quadratic polynomial, together with a blow up around the critical point. The Siegel 
disk is bounded by the black curve. 

For 9 £ (0, 1], we denote, as usual, 

Pn r , 

q n 

the n — th best rational approximant of 9, obtained by truncating the continued fraction expansion for 9. 

In his classical work [25 , Siegel demonstrated that the polynomial Pg is conformally conjugate to the linear 
rotation Rg(z) = e 2 z in a neighborhood of zero if 9 is a Diophantine number. The maximal domain of this 
conjugacy is called the Siegel disk. We will denote it as Ag. Bruno demonstrated in [5][H] that an analytic germ 
with an irrationally neutral multiplier /'(0) = e 2lxe is conformally linearizable in a neighborhood of zero if 9 
is a Bruno number, satisfying X)^°=o In 1 m 9n+i < 00 ■ Yoccoz proved in [32 that the Bruno condition is also 
necessary. 

Numerical experiments (ex, [2T] and [33 ) demonstrated that the boundaries of the Siegel disks of analytic 

germs / with a multiplier /'(0) = e 2%lxB , 9* = v/ ^~ 1 , seemed to be non-differentiable Jordan curves which 
clearly exhibited a self-similar structure in the neighborhood of the critical point c = 1. Furthermore, the 
quantifiers of this self-similarity seemed to be universal - independent off the particular choice of /. 

The issue of nature of this curve was first addressed by Herman [T7] and Swiatek (S7J . They proved that 
if 9 is of bounded type, that is 

supcti < oo, 

then dAg is a quasicircle (an image of the circle |z| = 1 under a quisi-conformal map) containing the critical 
point 1. Petersen [23_ proved that the Julia set J(Pg) is locally connected and has Lebesgue measure zero. 

Some numerical observations of [2T] and [33] about the self-similarity of dAg have been proved analytically 
by McMullen in [22] . In particular he proved that if 9 is preperiodic, then the small-scale dynamics of Pg 
admits an asymptotic: certain high order iterates of Pg, appropriately rescaled, converge. Among other things, 
using renormalization for commuting holomorphic pairs, McMullen showed that if 9 is a quadratic irrational, 
then the boundary of the Siegel disk is self-similar around the critical point. 

Universal nature of the self-similarity can be explained if one could prove hyperbolicity of renormalization 
in an appropriate functional class. Hyperbolicity of renormalization for golden mean germs has been addressed 
in [16 , where the cylinder renormalization operator of [28 is used to demonstrate the existence of an unstable 
manifold in an appropriate Banach manifold of golden mean germs; furthermore, the authors give an outline 
of a computer assisted-prove of existence of a stable renormalization manifold, based on rigorous computer- 
assisted uniformization techniques of [15 . Hypcrbolicty of renormalization is accessible analytically for golden- 
like rotation numbers 9 = [N,N,N, . . .], where N is large; specifically, [29 uses the results of [24J to prove 
the hyperbolicity conjecture for "close-to-parabolic" rotation numbers which contain a subsequence a^j.) of 
large integers in the continued fraction expansion. 

L. Carleson, based on the earlier numerical observations, has conjectured in [TT] that the closest returns 
to the critical point of the golden mean Siegel disk converge on two lines separated by an angle equal to |-7r, 
and suggested an approach to prove this. The numerical results of [21 indicate, however, that close to the 
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Fig. 2. The geometry of the forward (red) and backward (green) closest returns in the golden mean Siegel disk. The two sets 
of lines are separated by 107.2 . . ,° and 119.6 . . .° angles, respectively. 

critical point, dAg is contained between to sectors of angles 107.2 . . .° and 119.6 . . .° (see Fig. |2j, the upper 
bound being definitely less than |7r (which does seem to be a numerical inaccuracy). 

Several specific questions of self-similarity of Siegel disks have been addressed in |1U) . We will now give 
brief summary of the results therein. Recall that a number 9 € (0, 1] is a quadratic irrational iff its continued 
fraction is preperiodic: there exists an integer N > 1 such that ai +s = a,i for all i > N and for some integer 
s > 1. Given such 9, denote 

Oi = [0>i, Cli+l, CLi+2) ■ ■ Ot = 9 N+\0 N+2 ■ ■ ■ 9 N+s- (1) 

Theorem 1. (X. Buff, C. Henriksen) Let 9 be a quadratic irrational. Suppose that A€D\ {0} is the scaling 
ratio for the self- similarity of the Siegel disk Ag about the critical point. Then 

a < |A| < 1, 

where a is as above. 

The second result of [10] goes in the direction of Carleson's conjecture. 

Theorem 2. (X. Buff, C. Henriksen) If — 7r/ln(a 2 ) > 1/2 then Ag contains a triangle with a vertex at the 
critical point c. In particular, Ag* , where 9* = (v5 — l)/2 is the golden mean, contains a triangle with one 
vertex at c. 

The hypothesis of Theorem [2] does not hold, for example, for 9 — [N, N,N, . . .] with N > 24. For such 
rotation numbers the method of[10 does not provide a lower bound on the angle in the Siegel disk Ag. 
X. Buff and C. Henriksen also put forward several questions, one of them being: 

Question. Are there bounds on the scaling parameter A of the form 5f < |A| < ? 

In this paper we answer this question, specifically, we prove the following result. 

Main Theorem. Suppose that 9 — [a 1; a 2 , . . .] is a quadratic irrational whose continued fraction is eventually 
periodic with period s, and suppose that {p n /Qn} is the sequence of the best rational approximants of 9. Then 
there exists C(n) > 1, with lim„ 1 _ i . 00 C(n) = 1, and constants A > 1, ft > 1 and < 7 < 1, dependent only on 
max{ai}, such that the following holds. 

1) If s is odd, then 

JiV^l)-!] C(n) 1 
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and 



2) If s is even, then 



wht 



Remark 1. Notice, that 



7 |P 9 *"+-(1)-1| C(rQ 1 

" |P fl 9 »(l)-l| 2' 

7 1-Pe g " + '(1) - 1[ g , ^-[ s i og2 tf] if <1 



= 



1 



# = s = (0 N+1 6 N+2 ■ ■ ■ N+S ) • > max {6 N+i } > =• = $ B , 

l<i<s [i,±S,i,B,L,B,...\ 

where B = max^i cij. Therefore, the scaling ratios can be bounded from above by s-th powers of constants 
depending only on B: 



log, l9f 



thus making the upper bound dependent solely on the period and the maximum of the integers in the continued 
fraction expansion. 

In Section [3] we will give explicit bounds on all constants in the above theorem. First, however, we will 
give a brief outline of the theory involved in the proofs, and quote several results from the literature that we 
will require. 



2. Preliminaries 

2.1. Self- similarity of the Siegel disk. Below, the rotation number 9 will be always a quadratic irrational 
(recall (FT])). McMullen demonstrates in that for n > N 



{q n + s 0} = (-l) s a{q n 9}. 

In a neighborhood of 1, the map 

{z a , s is even, 

z ^ i 

I z a , s is odd, 

conjugates R q g n to R q g n+S for all n> N. Furthermore, McMullen introduces in [25] the mapping 

' cj) (4>(z) a ), s is even, 



4>~ 1 {4>(z) ), s is odd, 



where ip is the conformal isomorphism of the unit disk with Ag. normalized such that 0(1) = 1, and proves 
that there exists a neighborhood U of 1, and a constant e such that ijj is well defined on U fl A$, conjugates 
Pg q " to Pg qn+S , and is C 1+e -conformal or anticonformal: 



l + A(z-l) + 0(|z-l| 1+e ), s is even, 



l + A(2-l)+0(|«-l| 1 + e ), s is odd. 
The linearization of ip at 1 will be called A: 

1 + A(z — 1), s is even, 



A{z) 



1 + \(z — 1), s is odd. 
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Fig. 3. Self-similarity of the Siegel disk. 

Since Pg is a quadratic polynomial, Ag has one preimage Ag' , different from and symmetric to Ag with 
respect to 1. McMullen proves in that the blow-ups A~ n (Ag) and A~ n {Ag') converge in the Hausdorff 
topology on compact subsets of the sphere, to /1-invariant quasidisks T> and V , respectively. The boundaries 
of both of these quasidisks pass through 1 and oo. 

Consider the cylinders C — T>/ A 2 and C = V /A 2 (we consider A 2 instead of A, because if s is odd, then 
A is orientation reversing). These two cylinders arc conformally equivalent. Buff and Henriksen prove the 
following Lemma in |10| about the module of these cylinders, which plays an important role in their proof of 
Theorem [TJ 

Lemma 1. (X. Buff, C. Henriksen) The module of the cylinder C = D/A 2 is equal to — 7r/lna 2 . 
We will also use this Lemma in our proof of the lower bound on the scaling ratio in Section [5j 

2.2. The Blaschke model of the Siegel disk. We will now present the construction of a Blaschke product model 
for a quadratic polynomial of Douady, Ghys, Herman and Shishikura. Our description will generally follow 
that of [3U| . The reader is refereed to this work for a more detailed description of the Blaschke model for the 
filled Julia set of a quadratic polynomial. 
Define 

«•<"- «"■*«* (£§)■ 

The restriction Q*\j is a critical circle map with the cubic critical point at z = 1, and the critical value e 27rt . 
By monotonicity, for each irrational < 9 < 1 there exists t(0), such that the rotation number p (Q* ( - 6 '' ) |t) = 
0. Recall, that by the result of Yoccoz [31], any critical circle map with an irrational rotation number is 
topologically conjugate to the rotation Rg. 

Q 1 ^ has a superattracting fixed points at and oo and a double critical point at 1. Q'W acts as a double 
branched covering of the immediate basin of attraction of oo, B(oo). Since Q 1 ^ commutes with the reflection 
T(z) — z^ 1 , it also acts as a degree 2 covering on the immediate basin of attraction of the origin, 6(0). 

Fix an irrational number < 9 < 1 of bounded type. By the theorem of Herman and Swiatek, the 
unique homeomorphism h : T H> T with h(l) — 1 which conjugates Q'^It to Rg is quasisymmetric. Let 
H be some homcomorphic extension of h to the unit disk. One can, for example, choose the Douady-Earle 
extension of circle homeomorphisms (cf [2]), or Alhfors-Beurling extension (cf [H]). In particular, the latter 
is quasiconformal; its constant of quasiconformality M can be estimated in terms of the quasisymmetric 
constant K of h (cf [19 ) as 

M <2K-1. (2) 
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Fig. 4. The filled Julia set of the modified Blaschke product with the golden mean rotation number. 



Define the modified Blaschke product 

rw(z), \z\ > i, 

H-\R e (H(z))), \z\ < 1, 



the two definitions matching along the boundary of D. Qg is a degree 2 branched covering of the sphere, 
holomorphic outside of D, and is quasiconformally conjugate to a rigid rotation on the unit disk. We further 
conjugate Qg(z) by a Mobius transformation m 

. , (1 — a)(z — a) , 

m(z =71 » - \ , a = H- l (0), 3 

(1 — a)(l — az) 

to place ff -1 (0) at the origin, and set Qg = mo Qg(z) o mT 1 . Define the filled Julia set of Qg by 
K(Qg) — |z G C : the orbit of {Qg"} n >o is boundedj , 



and the Julia set 



J(Q e ) = dK(Q e ). 



When the rotation number 9 is irrational of bounded type, the action of Qg is conjugate to that of a 
quadratic polynomial. This follows from the following quasiconformal surgery due to Douady, Ghys, Herman 
and Shishikura (cf |13|). 

Suppose that < 9 < 1 is an irrational of bounded type, and H is a quasiconformal extension of the 
quasisymmetric conjugacy on the circle. Define a new conformal structure on the plane, ag, invariant under 
Qg, as follows. Let ao be the standard conformal structure on C, and let ag be its pull-back, H*ao, under 
H . Since Rg preserves the standard conformal structure, Qg preserves ag on D. Next, for every n > 1 pull 
ag\a back by Q° e n on the union off all n-th preimages of D under Qg, different from D. Notice, that since Qg 
is holomorphic outside of the unit disk, the dilatation of the pull-backs of ag will not be increased. Finally, 
set ag = ao outside of all preimages of D. Such ag has a bounded dilatation and is Qg invariant. Therefore, 
by the Measurable Riemann Mapping Theorem (cf [B] and [7]), there exists a unique quasiconformal 
homeomorphism / : C H> C, /(oo) = co, /(0) = and /(l) = 1, such that /*o"o = ag. Set 



f9 = foQgof- 1 - 
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This fg is a self-map of the sphere that preserves do, therefore it is holomorphic. It is. furthermore, a 
proper map of degree 2 (since Qg is), therefore it is a quadratic polynomial. Since /el /(b) is quasiconformally 
conjugate to a rigid rotation, /(D) contains a Siegel disk for fg. Since /(l) = 1 is a critical point of fg, 

{/e"(l)}n>o is the boundary of the Siegel disk, while {fg n (l)}n>o itself is also dense in /(T), therefore /(T) 
is the boundary of the Siegel disk. Due to our normalization of /, we must have 

fe = Pe- (4) 

The above discussion is a sketch of the proof of the following theorem. 

Theorem 1. (Douady, Ghys, Herman, Shishikura) Let fg be a quadratic polynomial which has a fixed Siegel 
disk A of rotation number 9 of bounded type. Then fg is quasiconformally conjugate to the modified Blaschke 
product Qg . In particular, dA is a quasicircle passing through the critical point of fg . 



2.3. Bounds on the quasiconformal distortion of angles. For < r < 1, let fi(r) be the module of the unit 
disk slit along the real axis from to r - the so called Grotzsch's extremal domain. The module function has 
the following explicit expression (cf |18j ) 

^ (r) = 4i^y (5) 

where K{r) is the elliptic integral of the first kind 



K{r) = f 
Jo 



dx 

\fl — x 2 \/ 1 — r 2 x 2 ' 



and K'(r) = K [yl — r 2 ) . In particular, the following asymptotic holds as r — > (cf |18j ) 

M(0 = ^ln-+0(r 2 ), M ( r )<^-ln-. (6) 
2ir r 2ir r 

Next, given M > 1, set 

^(r)= M - 1 (Mp(r)). (7) 

The "distortion function" </>m is continuous and strictly increasing in (0, 1), with </>m(0) = and 0m(1) = 1 
(cf [I]). Furthermore, <pM(t) < t. 

The following result from [T| will be important for our estimates 

Quasiconformal Disstortion of Angles Theorem. (S. B. Agard, F. W. Gehring) Suppose that f is a 
M- quasiconformal mapping of the extended plane, and that /(oo) = oo. Then for each triple of distinct finite 
points Zi, z , z 2 , 

sin^ > 4> M ( sin f ) . 



where 4>m is as in (2.3 I, and 



■ i \zi-z 2 \ \ . ( \f{ Zl )- f(z 2 )\ , 
a — arcsm ; ; r I , p = arcsm — — r — — ^ — — r — — -r I . (8) 



Izi-zol + ^-zolJ' ' VI/(2i)-/(^o)| + l/te) -f{z )\ 



The inequality is sharp. 
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2.4- The quasisymmetric property and moduli. We start with the definition of the quasisymmetric property. 

Definition 2. Let r\ : [0, oo) — > [0, oo) be an increasing homeomorphism, A C C, and h : A i— > C a mapping, 
f is rj- quasisymmetric if for each triple Zq, Z\, z-i 6 A 

l/Oo) ~ < />o - Zi| 



|/(z )-/(z 2 )| " '\J*o-*a| 
A homeomorphism /i : R i— > R is quasisymmetric iff for every real x and <5 > 

h(x + S) - h(x) 



< K. 



h(x) — h(x — 8) 

Define the cross-ratio of any four points a<6<c<don the real line as 

n ✓ , n \a-b\-\c - d\ 

Cr a, b, c, d) = — — 

\a — c\ ■ \d — o\ 

An important property of the cross-ratio is that it is preserved under linear-fractional transformations. 
Following [26 , we introduce a more general class of functions which play a role similar to the cross-ratio. 

Definition 3. A cross-ratio module is a function \ from all quadruples of points on the real line which satisfy 
a < b < c < d, or a > b > c > d, with values in [0, oo), provided that 

- there is a constant C such that if Cr(a, 6, c, d) > 1/4, then x(a, b, c, d) > C; 

- for every e > there is a 5 > so that if Cr(a, 6, c, d) < 5, then %(a, 6, c, d) < e. 

Example 1. Consider a Jordan curve 7 £ C with four marked points on it, A, B, C and D. The four points 
divide the curve into four arcs. Such configuration defines a quadrilateral Q(A, B,C, D). Choose one of the 
arcs to be the base, and map one of the components of the complement of 7 conformally onto the rectangle 
with the vertices (0, 1, 1 + ia, ia), so that the base is mapped onto (0, 1). The parameter a is called the module 
of the quadrilateral, and denoted mod Q(A, B, C, D). 
In the particular case when 7 = R, set 

X (A,B,C,D)= modQ ' A)B>c>D y (9) 

If A = B or C = D, set X (A B, C, D) = 0. 

The module of a quadrilateral is related to the module of a ring domain. Let A, B, C and D be points on 
the real line, and let v be a Jordan arc connecting A and D in the upper half plane. Intervals (A, B), (B, C), 
(C, D) and the arc v define a quadrilateral Q' with the base (^4, B). Let Q" be its reflection with respect to 
the real line. The union of the interiors of Q' , Q" and the intervals (A, B) and (C, D) define a ring domain 
of R(Q') associated with Q' . The moduli of a quadrilateral and of the associated ring domain are related as 

m ° d ^=2^nW 

This can be seen from the following argument. Map the ring domain R(Q') conformally to an annulus with 
the radii 1 and r, whose module is (2tt)^ 1 lnr. The same conformal transformation maps the quadrilateral Q' 
to the upper semi-annulus. A further application of the logarithm, maps the semi-annulus to a quadrilateral 
(0, lnr, lnr + iir,iir) (notice, that the base (A,B) is mapped to (0,lnr). The module of the last rectangle is 
7r/ lnr. 

We will now describe how the moduli of the quadrilaterals Q and Q' are related. Consider a family of 
admissible curves - any collection of curves that are contained inside the quadrilateral and join the base 
with the opposite side. If the any set of admissible curves for a quadrilateral Qi is contained in some set of 
admissible curves of Q2, then mod Q\ > mod Qi- On the other hand, one can also bound the module of 
Qi in terms of that of Q2: 
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Lemma 2. (Lemma 2.1 in [26]) Suppose that points A, B, C, D are cyclically ordered on R. For every k > 0, 
if \D — A\ < k/2, then there is a Jordan arc 7 with the endpoints D and A, such that the quadrilateral Q' 
with sides (A, B), (B,C), (C,D) and 7 has the interior disjoint from {z € C : 3z > k}, and satisfies 

mod Q 1 < 1d-a\ moc ^ Q' 

1 k 

We will now show that \ is indeed a cross-ratio module. If Cr(A, B,C,D) > 1/4 then 

l + £^Vl + fi^n <4 =► \A-B\>l\B-C\ and \C-D\>\\ 



\A-B\JV \C-D\J-- ' l^-^l^3l S - C l ^ \C-D\>^\B-C\, 
and, therefore, the ring domain R(A, B, C, D) contains a ring with module at least 

1 , + \ 1,5 

mod i? > — In ' j- 3 = — In-, 
~ 2tt 1/2 2tt 3 

therefore, if Q' is the quadrilateral with the sides (A,B), (B,C), (C,D) and a semicircular arc 7 connecting 
points A and D, we get that 

X (AB,C,D)= modQ( ^ |C>J) >^Q7=2 modE(Q0>iln|. (10) 

The second condition in the definition of the cross-ratio module follows from the above Lemma and 
Teichmiiller's Module Theorem (cf page 56 in [20 ). 

Teichmiiller's Module Theorem. If a ring domain R separates points and Z\ from Z2 and 00, then 

mod R < 2/i 



*i + *a 



where /i is as in 

Now, we can demonstrate the second property of the cross-ratio module. Assume that Cr(A, B, C, D) < 5. 
This inequality implies that 



mm 



\A-B\ \C-D\ 



\C-BV \C-B\ 



<6i/(l-6*)=o-'. (11) 



By Lemma 2j there exists a quadrilateral Q' with the base (A, B), sides (B, C), (C, £>), and an arc 7 connecting 
A and £?, disjoint from {z e C : > 2|D — whose module satisfies 



By Theorem [T] 



2 mod Q > mod Q' 
mod R(Q') < 2p 



1 



1 + 5' 



and 



X(A, C, D) = — < — ^ < 4 mod W ) < 8, ^ ^ j = 8, ( ^) , e. (12) 

A configuration of n quadruples of points (aj, &i, Cj, dj), z = 1, . . . , n, will be called allowable, if the intervals 
ai, c?i) are pairwise disjoint modulo 1 and rfj — a, < 1. We will also say that a configuration of n quadruples 
of points (a,, 6j, Cj, dj), i = 1, . . . , n, has the intersection number k if the supremum over points x € M of k' 
such that x is contained modulo 1 in k' intervals from the configuration, is equal to k. 
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Definition 4. Let g : R <— > R &e strictly increasing and suppose that g{x) — x is 1-periodic. Let \ be a cross- 
ratio module. We say that f satisfies the cross-ratio inequality with respect to \ with bound Q iff for any 
choice of quadruples of points (at, bi, Ci, di), i = 1, . . . , n, in an allowable configuration the following holds: 

tt x(9(ai),9(bi),9(ci),g(di)) < 

We mention the following Lemma without the proof. 

Lemma 3. (Lemma 1.1. from [261) Suppose that g satisfies the cross-ratio inequality with respect to \ with 
the bound Q. Let (a,i,bi,Ci,di) be any configuration of quadruples of points with the intersection number k. 
Then 

tt x(g(ai),g{bi),g(ci),g(di)) < g 2k 



3. Statement of results 

We are now ready to state the main result of the paper in a more detailed form. 

Main Theorem. Suppose that 9 = [at, <Z2, • • &£ < B> * s a quadratic irrational whose continued fraction is 
eventually periodic with period s, and suppose that {p n /Qn} is the sequence of the best rational approximants 
of 0. Then there exists C(n) > 1, with 

lim C(n) = 1, 

such that the following holds. 
1) If s is odd, then 

a - iwd-h -"rn ' ^' 

and 

a - W^" ( )( + } ' "71- (14) 

,§j If s is even, then 



a " |P fl «»(D-l| -W 1 ,/ ^ (15) 



K 

and 



i+K- 



Q7 ~ |P^(1)~1| ~ C(n) ( 1 + g ' 1 ) ' if a -2' (16) 

/n the above bounds, 

-fi 

where /1 is the module ([HJ 0/ £/ie Grotzsch's extremal domain, A(M) < e 7rM /16 is ifte "circular distortion", 
defined as 

A(M) = sup {|/(e # )| : / e J 7 }, J" = {/ : C i-> C, M - quasiconformal, /(0) = 0, /(l) = 1}, 

O<0<2tt 

'1 + a 



f = 

and 



= 
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4. An upper bound on the scaling ratio 

The following is a version of the Holder continuity property for quasisymmetric homconiorphisnis. The Holder 
property is a classical result (cf (3], |12|); here we will prove a Lemma adopted for our situation. 

Lemma 4. Let h : T i— > h(T) be a quasisymmetric homeomorphism with a quasisymmetric constant K . 

1) If I Q J al "£ two intervals in T sharing a single boundary point c, and satisfying \I\/\J\ — a < 1/2, then 

^ ^[siog 2 tf]+i \h(I)\ ( 1 \[ sl °S2' 5 ] l 



1 + KJ ~ \h{J)\ ~ yi + K- 1 

2) If I and J are two closed intervals in T such that their intersection is a single boundary point IU J = {c}, 
and satisfying |/|/|J| = a < 1, then 



(1 +if)>loS2«']+l - 1 - \h(J)\ ~ (l + if-l)[»loga"] - 1' 
3) If I C J are too intervals in T sharing a single boundary point c, and satisfying \I\/\J\ — a > 1/2, then 

i <M1< 1 



*( IT H'° gi ^ +i ~ iMj)i ~*(^r i " s + 1 ' 

Proof. 1) Case I C J. Let J„ be the unique closed subinterval of J of length 2~™| J| that shares the same 
end point with / and J. Since / is quasisymmetric on J with constant K, we have 

\h(Jn + l)\ < |MJn+l)| < 1 < 1 ^-v 



in a similar way, 



|fc(J„)| " IM^+i)l + IM^n \ ■/«+!)! " i + - i + x- 1 ' 



i < IM^+i)l 



1 + l/l(J»)l 

\V.« lu.v |//(J„) /|//(.7')| = nr=o X l^i+OI/ITOI. therefore, 

i V"<H<^ 1 



i + av - |/i(j)| - yi + K- 1 

Now, set to = [log 2 a^ 1 ] + 1, then J m QIC. J m _i, therefore, 

1 V~'° S2al + 1 < |MJm)| < \m\ < < f 1 ^ hl ° g2Ql 



i+Kj - \h(j)\ -\h(j)\- \h(j)\ -yi + K- 1 

2) Case In J = {c}. 

\h(I)\ \h(I)\ 1 



\h(j)\ \h(jui)\-\h(i)\ m^-t 



and 

1 <ffl< 1 



(1 + A)h l0g2 Tfe] +1 - 1 l^( J )l (1 + K- 1 )^ 10 '^ Tfs] - 1 

5/ Case 7 C J, = a > 1/2. Let J be a closed subinterval of I of length \J\ l\ such that the 

intersection of I with J \ I is a single boundary point of both intervals. Let I D J \ I be a closed interval of 
length |7| sharing one endpoint with I and J\I. 

\h(I)\ 1 1 > 1 



|/i(J)| IMA/ii + i |fe(j\f)| |fe(f)| , 1 - 

W)\ = i 



1°S2 I=E 



< 



1 K -l 



i 
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□ 

With regard to critical circle maps with a rotation number whose continued fraction is eventually periodic, 
a particular case of which is the dynamical system Pg\dA e , the above Lemma essentially provides bounds 
on the scaling ratio, of the form CiSf < |A| < C2<5|, if one takes J and / to be the intervals [c, / 9 "(c)] and 
[c, / 9 " +s (c)]. The only remaining ingredient is a bound on the constant of quasisymmetry. This will be the 
subject of Section [6j where we will also show that this bound can be taken essentially independent from the 
rotation number. 

We notice, however, that for sufficiently large K, the lower bound on the quasisymmetric distortion of a 
ration of two intervals is of the order (1 + K)^ log2 °^ +1 in Cases 1) and 2) in the above Lemma. But 

pog a oT^+l , 

< (1 + K) los ^ a = a log i+* 2 , 



1 + K 



the power of a in the last expression being larger than 1. This means, that the lower bounds in the Lemma 
above are worse than the bound |A| > a of Buff and Henriksen. In the next Section we will derive a better 
lower bound on the absolute value of the scaling ratio of the form a 1 with an explicit < 7 < 1. 



5. A lower bound on the scaling ratio 

Recall, that by the result of McMullen |22J the rescalings of the Siegel disk and its preimage converge to 
vl-invariant quasidisks T> and V . 

Consider the cylinder C = T>/A 2 . Let / be the quasiconformal conjugacy betw een the dynamics of the 
modified Blaschke product Qg and that of Pg on the sphere, as described in Section 



2.2 



-"max 



Let 7 m ; n < 7 ma x be any two angles such that the angle 7 between any two vectors f{z\) — 1 and /(.Z2) — 1, 
Zi 7^ 1, of equal length, \f{z\) — 1| = 1/(22) — 1|, and with the end points f(zi) £ Ag on "opposite sides" of 
the critical point, i.e. signum{3(z 1 )} 7^ signum{3(z2)}, is asymptotically bounded by 7 m i„ and 7 max - The 
boundary of the Siegel disk is, therefore, assymptotically contained between the two sectors iS m i n and S„ 
with the vertex at 1 and angles 7 m j n and 7 ma x, respectively. Set 

Cmax = Sj nlax I A 2 , C m i n = 5<y mJn /A" 2 . 

Since the circumference I of the cylinders satisfies 

area C m j n area C max 



1^ 



mod C m in mod C„ 



we get, using Lemma [T] 



1 \ 2 7min In I x 1 2 7min In |\|2 ^ min 

- > =zM =► |A|<a— (18) 



|A| 2 / mod C m i„ modC 

1 \ ^ Tin ax In I \ 12 In 1 \ 12 7m , x 

^ ma) = <^3r^ => M (19) 



\X\ 2 J mod C m i n mod C 

We will now proceed with bounds on J max and 7 



5.1. Estimate on "f m - ln . Take, z = 1, and any two z\, z 2 € T with 5(zi) > and ^(^2) < 0, sufficiently close 
to 1. Elementary geometric considerations demonstrate that 

\z\ - z 2 \ 
\zi - 1| + \z 2 

while 

\Zl - Z%\ \ 7T 



-i + ];-ii =i+q i^- i|+|22 -^ 



f 0{\ Zl -1| + |*2- 1|), 

sin I iarcsinf 1 1 f' 1 -)) = ±= + O (\z x - 1| + \z 2 - 1|) . 



zi-l| + \z2-l\J 2 
\zi-z 2 \ \\ = J 
2 "™ \\Z!-1\ + \z 2 -l\) ) V2 
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Fig. 5. The postcritical set of the quadratic polynomial with the rotation number [5, 5, 5, . . .] in the neighborhood of the critical 
point in the logarithmic coordinate ln(z — 1). The distance between the two solid lines is 7 m i n , that between the dashed is 7 ma x- 
The postcritical set is asymptotically contained between the lines. 



We now notice, that 



= K 



V2j' 



therefore, it follows from that 

1 



I, [ -j= + 0(|*i-l| + 1*2- 1| 



1 



+ 0(|2 1 -1| + |Z 2 -1|). 



At the same time, according to (|6j), 

We, therefore, get that for large M, 
/i- 1 (mli(-j= + 0(\ Zi -1\ + \z 2 -1\] 



li- 1 (x) = 4e- 2 ™ + O (e- 47TX ) 



= V 



M 



+ O (|*i - 1| + \z 2 - 1|) ) = 4e- JV/ t e o(l-i-H+l-2~H)_ 



We finally get that 

\f{zi)-f{z2)\ 

|/(^)-l| + |/(z 2 )-l| 



— > sin |2arcsin (4e 2 e 
1 " V V 



0(1*2-*!!) 



knr +0 



(.-*)) 



,0(122-211) 



(20) 



(we have used that O (\zi — 1| + \z 2 — 1|) = O (\z2 — Zi\))- 

Since for small \f(z\) — f(z 2 )\ (large M), the argument of the arccos below is close to one, and arccos is a 
decreasing function of it argument, we get 



arccos 



arccos 



arccos 



arccos 



f \f(z 1 )-l\ 2 + \.f(z 2 )-l\ 2 -\f(zi)-f(z2W 
\ 2|/(z 1 )-l||/(z 2 )-l| 

1 f\f(zi)-l\ , \f(z 2 ) -1| |/(zi)-/(z 2 )| 2 



2 y\f( Z2 )-i\ i/(zo-i| i/^-ih/^-ii 

1/1/(^0-11 , \f(z2)-l\\ f\f(zi)~l\ , |/(Z 2 ) -1| 



> 



\2\\f(z 2 )-l\ \f( Zl )-l\J \\f(z 2 )-l\ \f{z x )- 
Q (1 + 1) - (1 + l) 2 (32e- M7r + O (e- 2M ^)) e °0^-^l 2 )^ > 
(l - (I28e- M ^ + O (e- 2M ^)) e o{\^\ 2 )^ _ 



^ (32e- M "+0(e- 2M7r )) e o(N 2 -^| 2 )j 



> 
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where we have used (20 1 in the third line. We, therefore, get that 

arccos (l - (l28e- Mw + O (e- 2M7T ))) 



= v^l28e- Afjr + O (e- 2Mw ) (l + O (e~ M7r )) 
= We~ M i (l + 0(e- M *)). 



(21) 



At this point we would like to compare the upper bound a °'° against the upper bound coming from 
Lemma [4] and included in the Main Theorem. Notice, that 



=0 f U- 00 ""* e ' 

while the upper bound from the Main Theorem is of the order 

O" 



7) 



(l + K- 1 ) 



(22) 



(23) 



and 1/s power of ( 22 1 tends to 1 from below super-exponentially fast - much faster than ( 23 1 . This is the 
reason for reporting the upper bounds from Lemma [4] in the Main Theorem, rather than the ones supplied 
by p|. 



5.2. Estimate on 7 max - To obtain an upper bond on the angle 7, and hence a lower bound on A, we take 
z\ G T and z 2 is in the preimage of T under the modified Blaschke product, distinct from T, with 3(zi) > 
and 3(22) > 0, both sufficiently close to zq = 1. Elementary geometric considerations demonstrate 

\zi-za\ _ v /|zi-l| 2 + |z 2 -l| 2 -2|z 1 -l||z 2 -l|cosf , 2 



^-1 + 22-1 211-1 + 22-1 



Ol(\z 1 -l\ + \z 2 -ID- 



Next, 



Zl - 1\ 2 + \z 2 - 1\ 2 - V2\ Zl - l\\z 2 

\ZI - 1| + \Z 2 - 1| 



arCCOS ——7 r rr—7 r : > 

V 2\f( Zl )-l\\f(z 2 )-l\ 



0((|2i-l| + |^ 2 -l|) 2 ). (24) 



arccos 



\f( Zl ) 1| 2 + |/(22) - 1| 2 - (\f( Zl ) 1| + |/(22) - 1|) 2 sin 2 (/3) 

2|/(Z!)- l||/(22) -1| 



We will now obtain a bound on the angle j3 (cf Theorem |2.3| . To that end we will estimate the expression 
( |24[ ) from below. It is clear that if |/(2i) — 1| = 1/(22) — 1|, then the ratio \z\ — l\/\z 2 — 1| is at most 1/a 2 
and least a 2 , and for i = 1,2 there exist S{ and an integer n, such that 



\ Zl -l\ = Sl a 2 ^ + (l- Si ) 



a 2n , 



and 



2l-l| 2 + |2 2 -l| 2 -^/2> 1 -l||2 2 -l| , , 

+0((|2 1 -1| + |2 2 -1|)-J 



|2!-1| + |22-1 

Vz- 2 +z 2 -V2 



+ 0((|2 1 -1| + |2 2 -1|) 2 ), (25) 



On the scaling ratios for Siegel disks 



15 



The minimum of (25) is achieved at z = 1, and is equal to y2 - \/2/2 + ((\zi — 1| + |z2 — l|) 2 j; its 
inverse sine being equalto 

«=^+0((|z 1 -l| + |z 2 -l|) 2 ). 

Next, 



sm — = sin 
2 16 



£ + o ((kx - 1| + |« - 1|) 2 ) = /^P^ + o ((l-i - 1| + I* - il) 2 ) • 



At the next step we will evaluate the function (j)M at the above value. For brevity of notation, denote 

c 



'2-^2 + ^ 



According to ([6]), 

ix (C + O ((|zi - 1| + \z 2 1|) 2 )) < -i- In (£) + O ((| Zl - 1| + \z 2 1|) 2 ) , 
^/ (C + O ((|zi - 1| + |z 2 - 1|) 2 )) > U Q M + O ( (j) J ) (l + O - 1| + |«a - 1|) 2 )) 



that is, 



/3 > 2 arcsin 4 



O 



(l) 2M ))( 1 + ( (|zl - 1| + |Z2 - 1|)2 )) 



2M X 



- f(z 2 )\ > - f(zo)\ + \f{z 2 ) - f(z )\) sin I 2 arcsin M 4 

x (l + O (d^-ll + h-ll) 2 )^ 
> (1/^) - 1| + |/(* 2 ) - 1|) f 8 (0 M + O ( J (l + O ((|*i - 1| + |* 2 - 1|) 2 )) 



We now recall that \f(zi) — 1| = 1/(^2) — 1|, and obtain 

(\f(z 1 )-l\* + \f(z 2 ) -l\2-\f( Zl )-f(z 2 )\2 



2|/(z 1 )-l||/(z 2 )-l| 



arccos 



1 + 1-(1 + 1) 2 



o 



> 



2 AO 



(i+o((\ Zl -i\+\ Z2 -i\) 2 )y 



arccos 1 — 128 



(if + ((i) ) ) + o ((!«.- 'I + il)')) 1 



We finally take the limit Zi — > 1, and get that 



Tmax = 7T — arccos 1 — 128 



2M 



o 



3il/ N 



= 7T - V2 



\ 



128 



2il/ 



3A/ N 



= 7T- 16 



l + O 



3il/ N 



(26) 
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6. A bound on the quasisymmetric constant 

In this section we will give an ouline of Swiatek's proof of the quasisymmetric property of the conjugacy of 
the critical circle maps to the rotation from (25]. The goal of our outline will be to recover a useful expression 
for the constant of quasisymmetry of the conjugacy only in terms of the upper bound on the integers in 
the continued fraction expansion of the rotation number. We will not give a detailed proof of the Swiatek's 
theorem, our objective will be to extract the necessary dependency. 

To obtain a bound on the quasisymmetric constant of the homeomorphism that conjugates a circle homeo- 
morphism with a critical points to the rigid rotation, we will have to obtain several commcnsurability relations 
between the intervals bounded by a point and its forward and backward closest returns. This will be done in 
Lemma [6j The proof of this Lemma uses the following fact (see, for example, |26| ) 

Lemma 5. Let g : R i— > R be increasing and 1-periodic. Choose Q positive so that p(g) = P/Q in simplest 
terms, if p{g) is rational, or Q = oo, if p(g) is irrational. Then for every x € R, and every pair of integers p 
and q, \q\ < Q, 

(g q (x)-x-p)(qp(g)-p) > 0. 

We will now adopt the proof of the commensurability property |26| with the objective of obtaining an 
explicit expression for the commensurability constant. 

Lemma 6. (Lemma 1.2. from f26l) Suppose that f : R t— > R is a lifting of a degree 1 circle homeomorphism 
with an irrational rotation number p. Assume that g satisfies a cross-ratio inequality with respect to the 
cross-ratio module |9]) with bound Q. Letp n /q n be a convergent of p(f). Then there exists K±, 

#1 = 2 f 1 - 

so that for every x £ R 

K^\f q "(x)- Pn -x\ < \r q -{x)+p n ~x\<K 1 \f^{x)~p n -x\. 

Proof. Assume that p n /q n < p{f)- Otherwise we can consider F{x) — —f{—x) + 1: the same estimate will 
follow from a similar argument for F and — x in place of / and x, respectively. 

Denote p' j q 1 the next fraction larger than p n /q n from the sequence of the best rational approximants with 
<?' < Qn- Such p' j q' is larger than /?(/), otherwise 

< P {f) ~ ~ < P(f) - q => Wp(f)- P '\ < \qp(f)- P \ 

which contradicts the fact that q n is the closest return time for times smaller or equal to q n . 

Fix a point x E R. From Lemma [5J f 9n (x) — p n > x and f q (x) — p' < x, therefore, f~ q (x) + p' > x. 
Choose n > 2 such that f~ q ' (x) +p' e (f^ 1 ^ (x) - (n - l)p n J nq "(x)-np n ). 

Next, consider F s = / — s where s is a non-negative number. As s increases, points in the forward orbit of 
x shift to the left, those in the backward orbit - to the right. Hence, there is a unique value s* of s for which 

F^{x)-n Pn =F- q \x)+p'. (27) 




For simplicity, we will write F in place of F s * . It follows from (27), that such F has the rotation number 
equal to 

, np n + p' 

P = 1 — r 

nq n + q' 

We have the following ordering of points (see [26 for details) 

< F«» Or) - p n < f q " (x) - Pn < F 2q - (x) - 2 Pn , (28) 
> F~ q " Or) + p n > f- q " (x) + p n > F~ 2qn (x) + 2 Pn . (29) 

Consider the exponential projection of the real line on the circle: ir(x) — e 2vlx . The periodic orbit ir(F l (x)) 
consists of nq n + q' points, while the points 7r(x) and ir(F qn (x)) are consecutive on the circle (again, see [55] 
for details). 
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Denote X the collection of arcs on the circle with endpoints at two consecutive points of the orbit of x 
by the projection of F. If G % are adjacent, and F satisfies a cross-ratio inequality with respect to the 

cross-ratio module ([£]) with bound Q, then 



h " 2 



57T 3 



(30) 



This can be seen from the following argument. Choose I 3 £ 1 adjacent to I2 on the opposite side to 
I\. Lift Ii, 12,13 to the line to get some intervals (a,b),(b,c),(c,d) respectively. Observe that |Ji|/|/2| > 
Cr(a, b, c, d). Choose the smallest / such that f (I2) is the shortest arc in I. The configuration (a, b,c,d), . . . , 
(f l (a),f l (b),f l (c),f l (d)) has the intersection number at most 3 (see [26]). Also 



Cr(/'(o), f(b), f(c),f(d)) 



\f(h)\-\f l (h)\ 



1 • 1 



(\f i (h)\+\m)\)-(\m)\+\m)\) 

Therefore, by (10) and by Lemma [3] 



> 



1 | \f l (h)\ \ (■, , \f l (i*)\ \ ~ 4' 
L+ \f l (h)\) ' \ L+ \f'(h)\) 



5 X (a, b, c, d) > X (f l (a)J l (b), /'(c), /'(d)) > - In -. 

7T 3 



(31) 



Finally, recall the condition (12 1 



> Cr(a, 6, c, c?) 




Putting this together with (31), we obtain 




>^Q- 6 ln- 



|/l| 



> 1 



57T 3 



D, 



which is just (30). It follows immediately, that the four intervals with the limiting points 

F- 2 ^ (a;) + 2p n , F-«» (s) + pn, x, (x) - Pn , F 2 ^ (x) - 2 Pn 

have lengths comparable with the factor D~ 3 . Together with the inequalities ( 28 ) and ( 29 ), the Lemma follows 
with 

ifi = 2D- 3 . 

□ 

We will now outline the proof of the quasisymmetric property of the conjugacy. 

Proposition 1. (Prop. 1 in ]2b^) Let f : K t— > K be a lifting of degree 1 circle homeomorphism with an 
irrational rotation number p(f). Suppose that f satisfies a cross-ratio inequality with bound Q. 

Then, there exist a lift of degree 1 circle homeomorphism h : K. 1— > R, which conjugates f to a translation 
byp(f): 

f(h(x)) = h(x + p(f)). 

Furthermore, if p(f) is of bounded type, then h is quasisymmetric with the quasisymmetric constant 

K 2 = max {2, iff + 1 } . (32) 
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Proof. By assumption p(f) is of constant type: there exists a positive integer B such that p(f) = [cti, a 2 , ■ ■ ■], 
su Pi>i o,i < B. Recall that 

a n \q n P(f) ~Pn\ < \q n -lP(f) -Pn-l\ < { a n + l)|<7nP(/) ~ Pn\ 

for all n > 1 with the convention po/qa = 1/0. Together with Lemma [5] this leads to 

| /£ (a„ + l),„ _ £(fln + 1K _ x | > Jy-e^ (a;) + _ ^ (33) 

for all n > 1, x € M and e e {1, -1}, 

Take 1 > t > 0, and choose n > so that 

~Pn+l\ < t < knP(f) ~ Pn\, 

then 

h(x + t)e (f- tqn+1 (h(x))+e Pn+ i,r» (h(x))~e Pn ] , h(x -t)e [/~ (h(x))+ep n , / e «»+ 1 (/ l (x))-ep n+1 ) (34) 
where e = (—1)". We can now use relation p3| in the following computation 



\f-^(h(x)) + ep n+1 -h(x)\ \ h{x+t )- h(x) \ \r^(h(x))-ep„-h(x)\ 
\f-^(h(x)) + e Pn - h(x)\ ~ \K*)-K*-*)\ ~ \f*9n + i(h(x)) - ep n+1 - h(x)\ 
\f- tq - +1 (h{x)) + ep n+1 -h(x)\ \ h(x+t )- h ( x )\ |/' £(B+1)g " +1 (h(x)) + (B + l)ep n+1 - h(x)\ 

\f< B + l )l^{h{ X )) - (B + l)ep n+1 - h{x)\ ~ \Hx)-h(x-t)\ - \feq n+1 ( h ( x ^ _ epn+1 _ 

for all n > 0. By Lemma [(j] any two adjacent intervals with the end points f kqn+1 (h(x)) — kp n+ i and 
f( k+1 > 9n+1 (h(x)) — (k + l)p n+ i for fceZ are comparable with the constant K\. Therefore, 

K -B-i < \h(x + t) - h(x)\ B+1 
1 " \h(x) - h(x - t)\ - 1 

for < t < 1. 

Suppose t > 1, and let m be its integer part, then since /i(x + m) = ?i(x) + to, we have 

to \h(x + t) — h{x)\ m + 1 



to + 1 ~ \h(x) - ft(x - t)| 
Therefore, h is max {2, if B+1 }-quasisymmetric. 

□ 

We can now finish the proof of the Main Theorem. It follows from the Blaschke model for the Siegel disk, 
that 

Pg = f o to o h^ 1 o Rg o h o to -1 o / _1 

on dAg. An M-quasiconformal entire mapping is ry-quasisymmetric with rj(t) — \(M) 2M max{i M , t 1 ^ 1 }. 
where the "circular distortion" A(M) is defined as 

A(M) = sup {|/(e^)| :/eJ}, J = {/:C^C, M — quasiconformal, /(0) = 0, /(l) = 1} 

O<0<2tt 

(cf 5). It is known that 1 < A (A/) < e^/lG (cf [5 ). We, therefore, have that .9 = / o mo h 1 , to being the 
Mobius transformation ([3]), satisfies 

|g(x + £)-g(x)| / |m(fe-^(x + (5)) - m{h- 1 (x))\ \ u ,,v 2 M/ mw nM 
| 9 (x)- 9 (x-*)| Vlm^- 1 ^)) - -*))!/ ' 



where M = 2K 2 - 1, K 2 is as in ([32] and C(<5) -> 1 as 5 -> 0. 

Now, let 6* = [01,02,...] be a quadratic irrational, such that for all z larger than some N > 1, we have 
aj = ai +s . Suppose that a, as in ([!]), is larger than 1/2 and the period is even. Then, the bound (15) follows 
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immediately from 3) of Lemma [4] If a is larger than l/y/2, but the period is odd. then one can consider the 
intervals 

[i,P e «*"(l)]c[l,P g *~(l)], 

(recall, that \R e qn+2s (1) - 1| = a 2 \R e qn (l) - 1|), to obtain from 3) of Lemma |I] that 



P e *"+>-(l)-l\ 
|iV»(l)-l| 



< 



C(n) 



K 



l+K- 



lo S2 jz 



K being as in the Main Theorem, and since, as n — > 00, 

| Pa ^ + 2 3 (l)-l| 

( \Pe q " + °(l)-l 



-> 1, 



(35) 



the bound (13) follows. If the period s is even, and a < 1/2, then the bound (16) follows from 1) of Lemma 
H The bound (fl4j) follows the same result 1) of LemmalZ] and p5| above. 



7. Cross-ratio inequality 

In this Section we will recall Swiatek's proof of the fact that the cross-ratio module (B| satisfies the cross-ratio 
inequality with a definite bound. Our goal will be to adopt the proof to the particular case of the Blaschke 
product, and to show that in this case the bound can be chosen to be "absolute" - independent of the rotation 
number, as long as it is a quadratic irrational. 

Let g(z) = \n(Qg(exp(2iriz))) be the exponential lift of the modified Blaschke product. 

Lemma 7. The exponential lift of the modified Blaschke product Qq satisfies the following cross-ratio inequal- 
ity with respect to the cross-ratio module (pj): 

tt X(9(ai),9(bi),g(ci),g(di)) < g 

Proof. The lift g is holomorphic in the upper half-plane, and conformal in all quadrilaterals that do not 
contain the critical points . . . , —3, —2, —1, 0, 1, 2,3,.. .. 

Suppose that (a,, c,, di) is some allowable configuration of quadruples of points (in particular, at most 
one interval (oj* , bi* , c^* , di- ) contains a critical point). We first consider the contribution to the cross-ratio 
inequality of all non-critical intervals. The map g is conformal on the corresponding quadrilaterals, and we 
get immediately 

tt X(9(ai),g(bi),g(ci),g(di)) = J 

x( a i,bi,Ci,di) 

non— critical intervals 

Now, consider points (aj» , &,* , Cj« , dj* ) in the critical interval, choose k > |o»* — di*\ and a quadrilateral 
Q' C Uk H Q(g(ai*), g{bi*), g(ci*), g(di»)). It's ring domain is contained in [/&, and 

mod R(Q') > 1 7 ^ ' )fcg( ' > \x(9M,9(bi'),9M,g(^))- (36) 

Consider i?' = g^ 1 (R(Q')). If the critical point c lies in (&i»,Ci*), then 

mod R' = - mod R(Q'), 
d 

where d is the degree of branching of g at the critical point. For the modified Blaschke product d = 2. If the 
critical point c lies in (a,*,6i*) or (ci«,dj*), then one can find a curve 7 9 17(c) that divides the ring domain 
R{Q') in two ring domains R out er and R mner . If mod P „ ter > mod R inn er, set P' = .g _1 (P «t e r), then 

mod # > — mod P(Q')- 
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If mod Rinner > mod Routes set R! = g 1 (R inner ), then 

mod R! > - mod R(Q'). 

2d mod R' > mod R(Q'). (37) 
x(ai*,bi»,Ci*,di*) =2 mod R{Q(a,i»,bi* ,a*,di*)) > 2 modi?', 



Therefore, in either case 
Finally, 



which, we use, together with (36 1, in the estimate for the critical interval: 



X(9(ai*),9{bi*),9{ci*),g{di*)) < 4 mod R(Q') < ^ 
X(di* , h* , a* ,di*) ~ 2 mod R' ~ 



We combine ( 36 ) with ( 38 ) to obtain the bound in the claim of the Lemma. 

□ 
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